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Abstract 
The study of ultrasonic Bessel transducers is motivated by their ability to produce limited diffraction ultrasonic beams, providing 
improved lateral resolution and large penetration depth in the related ultrasonic field. There are three principal methods to 
construct a Bessel transducer. On the other hand, it is well known that radial modes in homogeneously poled piezoelectric disks
(HPPD) are governed by a typical Bessel differential equation. In this paper, the possibility to generate Bessel radiation using a 
thickness HPPD is proposed and experimentally evaluated, by analyzing the field effects of the disk vibrations when it is driven
in its radial modes PACS
PACS: 4335 
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1. Introduction 
The achieving of a good lateral resolution in pulsed acoustic beams, maintained along a large field depth, is a 
quite important problem in many medical and industrial ultrasonic imaging applications. To solve it, in the 
necessary broadband conditions, by using the rather simple conventional ultrasonic devices is practically impossible. 
For this motive, complex array systems for dynamic electronic focusing and special transducers with limited 
diffraction have been studied and proposed by many researchers in papers and patents.  
The Bessel beam solution, for the scalar wave equation in isotropic/homogeneous media, is a particular case of 
limited diffraction waves. It was found in the optics by J. Durnin 0 in 1987 and was extended to acoustic by D. K. 
Hsu 0 for Bessel transducers, in 1989. Three principal methods were proposed to construct Bessel transducers: to 
apply a Bessel polarization over a piezoelectric disc implemented by D. K. Hsu 0, to construct an annular array 
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using a composite 1-3 implemented by J. Lu 0, and to construct an annular array from a piezoelectric disc of discrete
Bessel polarization presented by J. A. Eiras 0. 
On the other hand, it is well known that the radial modes in homogeneously poled piezoelectric discs (HPPD),
related to one-dimensional models, appears as governed by a typical Bessel differential equation. The possibility to
exploit the Bessel behaviour of radial modes in a homogeneous piezoelectric disk as modal transducers was
presented by H. Calás 0  in a recent report.
In this work, the viability of using the radial modes in HPPD to generate a Bessel beam is investigated. For 
analyzing the radial modes, we use the classical model Meitzler-O’Bryan-Tiersten 0, because this model has an 
implicit relation with thickness modes. In addition, acoustic field simulations, using the Rayleigh-Sommerfeld
formulation, are applied for evaluating the ultrasonic fields indirectly generated by the radial modes deformations.
This Bessel-like indirect radiation was experimentally confirmed by exciting piezoelectric disc transducers in their
radial resonance frequencies. Experimental and simulated results, for radial vibration modes and acoustic radiations
are presented and discussed.
2. Bessel beam solution
The isotropic/homogenous scalar wave equation for the velocity potential ( , , , )r z tI M , in cylindrical coordinates,
and assuming circular symmetry around the propagation axis of the acoustic perturbation through the radiated
medium, is given by:
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Where, , z, t and c are: the radial coordinate, the axial coordinates, the time and the sound velocity, respectively.
For a given value of wavenumber, /k Z , the equation (1) has Bessel beam solutions, of the form:
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For obtaining a Bessel beam in the irradiated medium, a Bessel-like excitation is necessary over the transducer
emitting surface. But when such a transducer is constructed with this purpose, in the practice, the excitation function
in the radiating aperture must be quantized with annular approaches, or well, alternatively, a difficult polarization
process must be implemented.
2.1. Acoustic field calculation
The Rayleigh-Sommerfeld integral 0 is used to simulate the acoustic field generated by a finite aperture
transducer. This integral can be written in the following form:
2
1
( ) ( )1
( , ) ( )
2
T
T
T
S
Rv r t t cr t v t ds dt
R
G
I
S
§ ·c 
¨c 
¨
© ¹
³ ³³
G
G ¸ c
¸
 (3)
586 H. Cala´s et al. / Physics Procedia 3 (2010) 585–591
H. Calás/ Physics Procedia 00 (2010) 000–000
2vWhere 1 and  are the piston velocity waveform and spatial distribution of velocity, respectively,v R  is the
distance between the transducer differential element  and the point described by the vector r .Tds
G
2.2. Theoretical model for radial modes
The vibration modes in homogeneously poled piezoelectric discs (HPPD) have been intensively studied in the
past. For a qualitative analysis of radial modes, we used the Meitzler–O’Bryan–Tiersten (MOT) model 0, which
considers the coupling between thickness and radial vibrations in a disk of radius a and thickness 2b, assuming that
a >>2b. Free stress is also considered, and the angular dependence is neglected (/ș = 0, uș= 0). For this model, the
field of displacement (ur), the stress in the radial direction (Trr) and the electrical impedance Z, can be written in the
following form 0:
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Also, using this MOT model, it is possible to obtain an expression for the surface velocity (vz) 0.
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where:
E
ij  and ije  are elastic and piezoelectric constants, respectively; ij , ij , ijc c e
pp p H  are planar elastic, planar
piezoelectric and planar dielectric constants, respectively (for more details, to see 0, eq. 10); U is the mass density
and V is the voltage.
3. Simulations
The piezoelectric material considered here is of PZT type; Table 1 shows the numerical values of the physical
constants used for simulation.
Table. 1 
S11 (m2/N) S12 (m2/N) D31 (m/V) H33(F/m) U (kg/m3 )
PZT 1.64e-11 -5.74e-12 1.71e-10 1700 7450
Figure 1.a shows the behaviour of its electrical impedance |Z| for a typical real uniformly-poled piezoelectric
disk, with a radius a = 12.5 mm and a thickness 2b = 1 mm, remarking the resonance frequencies. Figure 1b shows
its surface velocity in the z direction, under open-circuit electrical condition, for the radial modes 3, 4 and 5. It is
interesting to note that, for these radial modes, zv  behaviour is very close to a Bessel function of first kind and cero
order.
Based on this circumstance and on the above expression in (2), we have established the hypothesis of that a 
HPPD transducer could radiate ultrasonic beams in a similar way to a conventional Bessel transducer, under the 
condition that it is electrically excited in its radial modes frequency bands.
In figure 2, the simulation of the radiation field, using the expression (3), is shown; where,
2 T(v r )
G
 was calculated 
normalizing equation (10), and
1v t  is a tone burst with a carrier frequency of 453 KHz and formed by three cycles. 
It can be appreciated a typical Bessel radiation in both, xz (fig.2a) and xy (fig.2b) planes 0.
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Fig.1 Radial vibration modes as a function of the frequency for an uniformly poled disk: (a) Behaviour of the electrical impedance |Z|, and (b)
radial distribution of the z velocity for modes 3 , 4 and 5 of a disk (a = 12.5 mm and 2b = 1 mm).
588 H. Cala´s et al. / Physics Procedia 3 (2010) 585–591
H. Calás/ Physics Procedia 00 (2010) 000–000
However, in this point, an interesting question arises: is sufficient?, the energy given by the radial modes, to
generate an appraisable ultrasonic radiation in the z direction. To answer this question, could be a complex task,
using only simulation tools.
4. Experiments and measurements
4.1. Measurement procedure 
In order to assess the hypothesis presented in the previous section, a transducer with homogeneous polarization
was constructed using a ceramic (PZT 53/47 + 1 wt % Nb) disk with thickness of 1 mm and a diameter of 25 mm.
The so constructed transducer can be considered without backing. This transducer was excited with the frequency of
the fourth radial mode (453 KHz). The driving pulse was generated with a Matec card TB-1000. The radiated signal
was scanned by using a needle broadband piezoelectric hydrophone (0,6 mm in effective diameter), and the field
RF signals were captured using a digital oscilloscope TSD 744 (Tektronix) of 2 GHz in sampling rate.
(a) (b)
Fig.2  Simulation of the radiation field emitted in z-axis direction, from the radial vibration modes of a HPPD transducer. a) plane xz, and b)
plane xy.
4.2. Experimental results
In the figure 3a, a spatial distribution along x axis of the field RF signals measured by the broadband hydrophone,
at 5 mm from the transducer radiation face, is shown. By considering a fixed time value in the waveform, we can 
analyze the field effects of the transducer surface vibrations.
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Fig.3  1-D spatial distributions measured in the x axis of the RF signals for the 4th e radial mode, experimentally measured by the hydrophone at z 
= 5 mm: a) scan in x direction (RF signal); b) profile of hydrophone voltage on time fixed..
This experiment can answer in part the question formulated in the previous section 3. Figure 3b shows the field
profile, by fixing the time at an instant with a maximum field value in x = 0. Both figures illustrate a Bessel-like
behaviour of the transducer under radial driving. The fourth radial mode had been excited and four lobules are
shown in figures 3b. Therefore, we can sustain that a homogeneous poled piezoelectric disk, properly driven, can 
radiate in a way very similar to a conventional Bessel transducer. However, a critical topic is the resulting depthRI
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In the case presented here, the depth of field is around 20 mm. This poor depth of field is a consequence of the
proximity between the values of k  and D . However, this limitation could be convenient in some applications,
because, in the far field, a good beam lateral collimation (up to 300 mm) is maintained and lateral lobes are quite
minimized. In figure 4, the mentioned behaviour is clearly shown.
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Fig.4  Measurements of 2-D spatial distribution of the radiation field related to the fourth radial mode.
590 H. Cala´s et al. / Physics Procedia 3 (2010) 585–591
H. Calás/ Physics Procedia 00 (2010) 000–000 
5. Conclusions 
In this contribution, some secondary vibrations and ultrasonic radiations of a thickness HPPD, alternatively 
driven in its radial modes, were predicted, generated and experimentally confirmed. For simulating the radial 
vibration modes, the classical model of Meitzler-O’Bryan-Tiersten was applied, and, for calculating the radiation 
acoustic field involved, the Rayleigh-Sommerfeld integral was implemented for this particular radiating 
configuration. These Bessel-like radiations were experimentally obtained by exciting piezoelectric the disk 
transducers with tone bursts tuned in their resonant radial modes. It can be concluded that a homogeneously poled 
piezoelectric disk could work as a Bessel ultrasonic transducer if it is narrow-band excited in its radial modes. 
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